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Abstract 

^.^ If oi, 02, •••, Ofc and n are positive integers such that n = oi + 02 + ••• + flfei then 

pg ■ the sum ai + 02 + ... +afc is said to be a partition of n of length k, and ai,a2,...,afc 

5_^ i are said to be the parts of the partition. Two partitions that differ only in the order 

Qh' of their parts are considered to be the same. We say that two partitions intersect 

■^ ■ if they have at least one common part. We call a set A of partitions intersecting if 

Tlj- , any two partitions in A intersect. Let Pn,k be the set of all partitions of n of length 

^N I k. We conjecture that if 2 < fc < n, then the size of any intersecting subset of Pn^k 

is at most the size of Pn-i^k-ii which is the size of the intersecting subset of Pn^k 

^j . consisting of those partitions which have 1 as a part. The conjecture is trivially true 

\^ [ for n < 2k, and we prove it for n > 5k^. We also generalise this for subsets of P„ ^ 

r~| ' with the property that any two of their members have at least t common parts. 

1 Introduction 



> 



Unless otherwise stated, we shall use small letters such as x to denote elements of a set 



C^ ' or positive integers or functions, capital letters such as X to denote sets, and calligraphic 

letters such as J-" to denote families (i.e. sets whose elements are sets themselves). We 
VO ■ call a set A an r-element set if its size 1^41 is r (i.e. if it contains exactly r elements). The 

t::!- '• power set of a set X (i.e. the family of all subsets of X) is denoted by 2^ , and the family 

^ I of all r-element subsets of X is denoted by ( ^ ) . For any integer n > 1, the set {1, . . . , n} 

of the first n positive integers is denoted by [n]. 

In the literature, a sum ai + 02 + ■ ■ ■ + a^ is said to be a partition of n of length k if 

K/i . ai, a2, . . . , flfc and n are positive integers such that n = 01 + 02 + - ■ - + 0^. If 01 + 02 + - ■ ■ + Ofc 

j_j ! is a partition, then oi, 02, ..., o^ are said to be its parts. Two partitions that differ only in 

. . .' the order of their parts are considered to be the same. Thus, we can refine the definition of 

a partition as follows. We call a tuple (oi, . . . , o^) a partition of n of length fc if Oi, . . . , o^ 

and n are positive integers such that n = Yli=i ^i ^^^ c^i < ■ ■ ■ < 0^. We will be using 

the latter definition throughout the rest of the paper. 

For any tuple a = (oi, . . . , o^) and any i E [k], we call Oj the i 'th entry of a, and if a 
is a partition, then we also call Oj a part of a. 

For any n, let P„ be the set of all partitions of n, and for any k, let P„ ^ be the set of 
all partitions of n of length k. So P„ ^ is non-empty if and only if 1 < A; < n. Moreover, 
Pn = [J^=iPn,i- Let pn = \Pn\ and pn,k = |-Pn,A:|. To the bcst of the author's knowledge, 
no closed-form expression is known for pn and Pn,k', for more about these values, we refer 
the reader to [2j. 

For any set A of integer partitions and any set T of positive integers, let A{T) de- 
note the set of all members of A which have each integer in T as a part; so A[T) = 



{a G A: T is a subset of the set of parts of a}. For an integer a, we may abbreviate the 
notation A({a}) to A{a). Thus, we have 

n 

P„,fc(l) = {(ai,...,afc) eP„,fc: ai = 1} and P„(l) = |JP„,i(l). 

Note that |Pn(l)| = Pn-i and |Pn,fc(l)| = Pn-i,k-i- 

We say that two partitions intersect if they have at least one common part; in other 
words, a partition (ai, . . . , a^) intersects a partition (61, ... , 6^) if a^ = bj for some i G [r] 
and j G [s]. We call a set A of partitions intersecting if any two partitions in A intersect. 
Thus, for any set A of partitions, A{1) is intersecting. 

We suggest the following two conjectures. 

Conjecture 1.1 (Weak Form) Pri(l) is an intersecting subset of Pn of maximum size. 

Conjecture 1.2 (Strong Form) For 2 < k < n, P„^fc(l) is an intersecting subset of 
Pn,k of maximum size. 

Proposition 1.3 // Conjecture \1.S\ is true, then Conjecture \1.1\ is true, and for any 
n>3, Pn(l) is the unique intersecting subset of Pn of maximum size. 

Proof. The result is trivial for n < 2, so suppose n > 3. Let A be an intersecting 
subset of Pn. For each fc G [n], let A^ = A (1 Pn,k- So Ai, . . . , An are intersecting, and 
\A\ = Ylt=i \^k\- (n) is the only partition in Pn,i- No partition in P„ other than {n) in- 
tersects (n). Thus, if (n) G A, then A = {{n)} and hence 1^41 = 1 < |P„(1)|. Now suppose 
(n) ^ A. Then Ai = 0. Suppose Conjecture 11.21 is true. Then \Ak\ < |P„^fc(l)| for any 
k G [n]. So we have \A\ = Y2=2 \^k\ < YJk=2 \Pn,k{^)\ = |-Pn(l)|- Pn,n has only one par- 
tition a, and a = (1, . . . , 1). If a G A, then, since A is intersecting, A C P„(l). li a. ^ A, 
then An = and hence \A\ = ZlZl \M < EV2 \Pn,k{l)\ < EL2 \Pn,k{l)\ = |P„(1)|. □ 

We will prove that if A; > 3 and n is sufficiently larger than k, then Pn^k{^) is the unique 
intersecting subset of Pn^k of maximum size. We suspect that this holds for any n > k > 4. 
This is not the case for k = 2 and n > A (see below) , and ioi k = 3 and some values of n 
(it is easy to check this for 6 < n < 10). For example, {(1, 2, 7), (1, 3, 6), (1, 4, 5), (2, 3, 5)} 
is an intersecting subset of Pio,3 of size |Pio,3(l)|. 

Conjecture 11.21 is true for n < 2k. 

Proposition 1.4 Let 2 < k < n < 2k. Then P„^fc(l) is an intersecting subset of Pn,k of 
maximum size, and uniquely so unless 2 < k < 3 and n = 2k. 

Proof. The result is trivial for 2 < A; < 3, so consider k > A. Suppose n < 2k. Then 
every partition of n of length k has 1 as a part (because the sum of k integers that are all 
greater than 1 is at least 2k). Now suppose n = 2k. Let ai be the partition in Pn^k whose 
k entries are all 2. Then ai is the only partition in Pn^k that does not have 1 as a part. 
Let a2 be the partition (oi, . . . , a^) in P„_fc(l) with Oi = ■ ■ ■ = afc_i = 1 and a^ = n — k + 1. 
So ai does not intersect a2. Suppose A is an intersecting subset of P„_fc that contains ai. 
Then Si2 ^ A and hence |y4| < |P„_,fc(l)|. Let a.3 = {bi, . . . ,bk) with 61 = ■ ■ ■ = bk~2 = 1, 
bk-i = 3 and bk = n- k -1. Then as G P„,a:(1) and as ^ A. So |y4| < |P„,fc(l)|. □ 

Using ideas from [3^, we will prove that Conjecture 11.21 is also true for n > 5k^. 



Theorem 1.5 For k > 3 and n > 5k^, P„.fc(l) is the unique intersecting subset of Pn^k 
of maximum size. 

We will actually prove two generalisations (Theorems 12.41 and 12. 7p of this result in Sec- 
tion [3l For k = 2, Pn^k{^) is a largest intersecting subset of Pn,k, but not uniquely so if 
n > 4. Indeed, each partition a = (01,02) in P„_2 must have a2 = n — ai, and hence no 
other partition in P„ 2 intersects a; so an intersecting subset of P„ 2 cannot have more 
than one member. 

Theorem 1 1.5 1 is an analogue of the classical Erdos-Ko-Rado (EKR) Theorem [6j, which 
inspired many results in extremal set theory (see [31 [5l [7]). With a slight abuse of 
terminology, we say that a family A of sets is intersecting if any two sets in A inter- 
sect (i.e. A n P 7^ for any A,B G A). The EKR Theorem says that if r < n/2 
and A is an intersecting subfamily of ("), then |^| < ("Zi), and equality holds if 

A = {Ae ([;!]) : 1 e A}. 

Remark 1.6 The above conjectures and results can be re-phrased in terms of intersecting 
subfamilies of a family. For any integer partition a = (ai, . . . , a^), let S^ = {{a,i): i & 
[k], \{j G [k] : aj = a}\ > i}; thus, (a, 1), . . . , {a,r) G ^a if and only if r of the entries 
of a are a. For example, ^(2,2,5,5,5,7) = {(2, 1), (2, 2), (5, 1), (5, 2), (5, 3), (7, 1)}. Let P„ = 
{^a: a G Pn} and Vn,k = {Sa'. a G Pn,k}- Let f : Pn —> Vn such that /(a) = S^ for each 
a G Pn,k- Clearly, / is a bijection. So |P„| = |P„| and \Vn,k\ = \Pn,k\- Note that two 
integer partitions a and b intersect if and only if ^a H 5'b 7^ 0. Thus, a subset A of P„ ^ is 
a largest intersecting subset if and only if {^a: a G A} is a largest intersecting subfamily 

of 'Pn,k- 

2 t-intersecting integer partitions 

A family A of sets is said to be t -intersecting if |A fl P| > t for any A,B E A. A 
t-intersecting family A is said to be non-trivial if IflAe^^l ^ ^ (^•^- ^^^ number of 
elements common to all the sets in A is less than t). Note that an intersecting family 
is a 1-intersecting family. In addition to the EKR Theorem (see Section [T]), it was also 
proved in [B] that if n is sufficiently larger than r, then the size of any t-intersecting 
subfamily of ('"^) is at most ("Zj , and hence {A G ( " ) : [t] C A} is a largest t-intersecting 
subfamily of (")• The complete solution for any n, r and t is given in [1]; it turns out 
that {A G (^"') : [t] C A} is a largest t-intersecting subfamily of (^"') if and only if 
n > (r-t + l)(t + l). 

We introduce two generalisations of the definition of an intersecting set of integer 
partitions. 

Let a = (ai, . . . , a^) and b = (61, . . . , 6^) be two integer partitions. We say that a 
and b t-intersect if they have t common parts (not necessarily distinct); more precisely, 
a t- intersects b if there are t distinct integers ii,...,it in [r] and t distinct integers 
ji, . . . ,jt in [s] such that a^^ = bj^ for each p G [t]. We say that a and b t-intersect 
properly if they have t distinct common parts; in other words, a t-intersects b properly if 
\{ai: z G [?"]} n {bj-. j G [s]| > t. Note that if a and b t-intersect properly, then a and b 
t-intersect. 

Let y4 be a set of integer partitions. With a slight abuse of terminology, we say that 
A is t -intersecting if for any a, b G A, a and b t-intersect. We say that A is properly 
t -intersecting if for any a, b G A, a and b t-intersect properly. Note that an intersecting 
set of integer partitions is 1-intersecting and properly 1-intersecting. 



We suggest generalisations of Conjectures 11.11 and 11.21 along the lines of the general 
definitions above. 

For any set A of integer partitions, let A{t) denote the set of all partitions in A whose 
first t entries are 1. Thus, for 1 <t < k < n, 

n 

^n,fc(^) = {(ai,---,afc) e ^ri.fc: cti = ■■■ = a* = 1}} and Pn{t) = [J Pn,i{^) ■ 

i=t 

Note that \Pn{t)\ = \Pn-t\ and |P„,fc(t)| = \Pn-t,k-t\- Also note that ^4(1) = ^4(1). 
We first present and discuss our conjectures for t-intersecting partitions. 

Conjecture 2.1 Pn{t) is a t -intersecting subset of Pn of maximum size. 

Conjecture 2.2 Fort + 1 < k <n, Pn,k{t) is a t-intersecting subset of Pn^k of m,aximum 
size. 

Note that if t = fc < n, then Pn,k{t) = 0? Pn,k 7^ 0? and the t-intersecting subsets 
of Pn,k are the 1-elenient subsets. If A; < t, then Pn^k has no non-empty t-intersecting 
subsets. If Conjecture 12.21 is true, then, by an argument similar to that of Proposition II. 3[ 
Conjecture 12.11 is true. 

Proposition 2.3 Coniecture \2.2 is true for n < 2k — t + 1. 

Proof. By Proposition II. 4[ we may assume that t > 2. Suppose n < 2k ~t + 1. For any 

c = (ci, . . . , Cfc) e Pn,k, let Lc = {i e [k] : q = 1} and let U = \Lc\. 

Let c = (ci, . . . , Ck) e Pn,k- We have 2A;-t + l>?2 = XlieLc ^i + J2je[k]\L^ 9 > 
^,.gj^ 1 + XlieffeiVL 2 = /c + 2{k — If.) =2k ~ l^.. Thus, l^. > t — 1, and equality holds only 
if n = 2/c — t + 1 and Cj = 2 for each j G [k]\Lc. Since Ci < ■ ■ ■ < Ck, Lc = [Id- 
Let A be a t-intersecting subset of Pn,k- If L > ^ for each a G A, then A C Pn^k{t)- Sup- 
pose la = t — 1 ioT some a = (ai, . . . , a^) € A. Then, by the above, we have n = 2k — t + l, 
Oj = 1 for each i E [t — 1], a^ = 2 for each j G [k]\[t — 1], and Pn^k = Pn,k{t) U {a}. Let b 
be the partition (6i, . . . , bk) in Pn,k{t) with bk = n — k+l = k — t + 2 and 6j = 1 for each 
i G [fc— 1]- So aand b donot t-intersect, and hence b ^ A. So \A\ < \Pn^k\ — '^ = \Pn,k{t)\- n 



The following generalisation of Theorem 11.51 tells us that Conjecture 12.21 is also true 

-2t- 

t+1 



for n > ( * ^k^. Its proof is given in the next section. 



Theorem 2.4 For k > t + 2 and n > ( * )k^, Pn,k{t) is the unique t-intersecting 
subset of Pn.k of maximum size. 

Conjecture 12.21 is also true for A; = t + 1. Indeed, if two partitions of n of length t -|- 1 
have t common parts ai,...,ai (not necessarily distinct), then the remaining part of 
each partition is n — (ai -|- ■ ■ ■ -|- Oj), and hence the partitions are the same. Thus, the 
t-intersecting subsets of Pn,t+i are the 1-element subsets. So Pn.t+i{t) is a largest t- 
intersecting subset of Pn.k, but not uniquely so if ri > t -|- 3 (because in this case, at least 
there is also {(1, . . . , 1, 2, n — t — 1)}). 

We now present and discuss our conjectures for properly t-intersecting partitions. 

Conjecture 2.5 -Pn([t]) is a properly t-intersecting subset of Pn of maximum size. 

Conjecture 2.6 Fort + 1 < k < n, P„fc([t]) is a properly t-intersecting subset of Pn.k of 
maximum size. 



Conjecture [23] is trivial for n < t{t+l)/2, and Conjecture 12. 6 1 is trivial for n < t(t—l)/2+k. 
Indeed, each member of a properly t-intersecting set of partitions must have at least 
t distinct parts; thus, Pn,k has no non-empty t-intersecting subsets if n < X]j=i ^ — 
t{t + l)/2, and Pn,k has no non-empty t-intersecting subsets ii n < t{t + l)/2 + k — t = 
t{t — l)/2 + k. The reason why we need /c > t + 1 in Conjecture 12.61 is similar to that 
for Conjecture 12.21 If Conjecture 12.61 is true, then, by an argument similar to that of 
Proposition II. 3t Conjecture 12.51 is true. 

The following generalisation of Theorem 11.51 tells us that Conjecture 12.61 is true for 



n 



^ ( t+i ^k^- Its proof is given in the next section. 



Theorem 2.7 For k > t + 2 and n > ( * )k^, Pn,k{[t]) is the unique properly t- 
intersecting subset of P^ k of maximum size. 



Similarly to Conjecture 12. 2[ Conjecture 12.61 is also true for A; = t + 1, but Pn^t+i{\t]) is 
not the unique largest properly t-intersecting subset of Pn,t+i for n>t{t + l)/2 + 2 when 
t > 2 (indeed, {(1, 1, 2, . . . , t — 1, t -|- 1)} is another one). 
We now proceed by proving Theorems 12.41 and 12.71 



3 Proofs of Theorems 12.41 and 12.7 



Lemma 3.1 Let 1 < k < m < n. Then pm,k < Pn,k- Moreover, ifn>m,n>k + 2 and 
k>3, thenpm,k < Pn,k- 

Proof. The case A; = 1 is trivial. Suppose k > 2. Let /: Pm,k -^ Pn,k be the function 
that maps any partition (ai,...,afc) in P.m,k to the partition {bi, . . . ,bk) in P^^ with 
bk = ak + n — m and bi = ai for any i E [k — V\. Clearly, / is one-to-one, and hence the 
size of its domain Pm,k is at most the size of its co-domain Pn,k- So Pm,k < Pn,k- 

Suppose n>ni, n>k + 2 and A; > 3. Let c = (ci, . . . , Cfc) with Cj = 1 for each 
i G [A;]\{A; — 2, A; — 1, k}, Ck_2 = 1 and Ck-i = Ck = {n — k + 2)/2 if ra — A; is even, and 
Ck-2 = 2 and Ck-i = Ck = {n — k + l)/2 if n — A; is odd. So c G Pn,k- Since m < n, f maps 
each partition (oi, . . . , ak) in Pn^k to a partition (6i, . . . ,bk) with 6^-1 < bk- So c is not in 
the range of /. So / is not onto, and hence the size of its domain Pm,k is less than the 
size of its co-domain Pn,k- So pm,k < Pn,k- n 

Lemma 3.2 Let c > 1 and k >2. For any n > ck^ , 

Pn,k > CPn,k-l- 

Proof. The result is trivial for A; = 2, so we assume A; > 3. For each i G [cA;^], let 
Fi = {{i, ai, ..., afc-2, ctfc-i - i) ■ (cti, •••, Ofc-i) G Pn,k-i}- Let F = J"^^ Fj. 

For any A;-tuple x = {xi, ..., Xk) of positive integers, let x^ be the A;-tuple obtained by 
putting the entries of x in increasing order; that is, x^ is the A;-tuple {x[, . . . ,x'f.) such 
that x'l < ■ ■ ■ < x'f^ and, for each j G [A;], \{i G [A;] : Xi = Xj}\ = \{i E [k]: x'^ = Xj}\. 

Let a be a partition (ai, ..., Ofc-i) in Pn,k-i- Since ai < ■ ■ ■ < ak-i and ai + - ■ ■ + ak-i = 
n, we have ak-i > -j^, and hence, since n > ck^, a^.i > ck"^. So a^-i — i > I for each 
i G [ck"^] , meaning that the entries of each member of F are positive integers that add up 
to n. Therefore, 

x^ G Pn,k for each :x. E F. (1) 

Let G = {y E Pnk'- y = x^ for some x G F}. For each y G G, let Fy = {x G 
F:x- = y}. By([ID,FCUy,c?^y 



Let y be a partition {yi, ...,yk) in G. Clearly, each member of Fy is in one of 
Fy^,...,Fy^; that is, Fy C Uti^y.- So Fy = UtiiFy ^Fyi)- Let i G [fc] such that 
FyflFj^. 7^ 0. Let X be a tuple (xi, . . . , Xfc) in FyflFj^.. By definition, Xi = yi and X2 < ■ ■ ■ < 
Xk-i- Thus, since y = x^ and yi < ■ ■ ■ < i/fc, x is one of {yt, 1/2, • • • , Z/i-i, Vi+i, ■■■,yk), 
iVi, y2,---, Vi-i, Vi+i, • • • , yk-2, Vk, Vk-i), ■■■, {Vh Z/s, • • • , l/i-i, Z/i+i, • • • , l/fc, 1/2) (i-e. the A; - 1 
A;-tuples satisfying the following: the first entry is |/j, the /c'th entry is yj for some 
j G [fc]\{^}, and the middle k — 2 entries form the {k — 2)-tuple obtained by deleting 
the z'th and j'th entry from y). So |Fy fl Fy.\ < k — 1. 

Therefore, we have 



y6G 



yGG yGG i=l yeG i=l 



and hence Pn,k > ^r- Now Fi,. . . , Fcfc2 are disjoint sets, each of size Pn,k-i- So \F\ = 
ck'^Pn,k-i and hence Pn,k > cpn,k-i- n 

The last lemma we need before proving Theorems 12.41 and 12. 71 emerges from j6]. 

Lemma 3.3 Let A be a non-trivial t-intersecting family such that \A\ < r for any A G A. 
Then there exists a set J of size at most 3r — 2t — 1 such that \Ar\ J\ > t + 1 for any 

AeA. 

Proof. If ^ is (t + l)-intersecting, then we just take J to be an arbitrary set in 
A. So suppose A is not [t + l)-intersecting. Then there exist Ai,A2 G A such that 
l^i n y42| = t. Thus, since ^ is a non-trivial t-intersecting family, there exists A3 E A 
such that Ai n ^2 ^ ^3, and hence \Ai fl A2 fl Ag] <t - 1. Take J to be AiU A2U A^,. 
So |A n J| > t for all A G ^. Suppose there exists A* e A such that |y4* n J| = t. Then 

t > \A* n {Ai u ^2)1 = \A* n All + \^* n A2I - 1^* n Ai n A2I > 2t- \A* n Ai n A2I, 

and hence t < \A* (1 Ai f] A2\. Since \A* n Ai f] A2\ < \A* n J\ = t, we actually have 
|A*nAinA2| = \A*nJ\, and hence A* n J = A* nAinA2 {as AinA2 C J). So we have 

t < \A*nA3\ = \A*n{A3nJ)\ = \{A*nJ)nAs\ = \{A*nAinA2)nA3\ < \AinA2nA3\, 

which contradicts \Ai n A2 n A^l < t - I. So |A n J| > t + 1 for all AeA. Now 

\J\ = \Ai U A2I + IA3I - {As n {Ai U ^2)]. Since \Ai U A2I < 2r - |yli n ^2! = 2r - t and 

|A3n(AiUA2)| = |v43nAi|-F|A3nv42|-|A3nA2nv4i| > 2t-\AinA2nA3\ > 2t-(t-i) = t+i, 

it follows that \J\ < {2r - t) + r - (t + 1) = 3r - 2t - 1. □ 

Proof of Theorem 12.41 Let A; > t + 2 and n > {^''^ll~^)k^. Let A be an intersecting 

subset of P„ fe such that A 7^ Pn,k{t)- We prove the result by showing that |v4| < |P„ fe(t)|. 

For each a G Pn,k, let Sa be as in Remark 1 1.6 1 Define Vn,k and / also as in Remark ll. 61 
Let A = {/(a): a G A}. Clearly, |^| = \A\ (since / is a bijection) and \X\ = k for each 
X e A. Note that two integer partitions a and b in Pn^k t-intersect if and only if 
I'S'a n ^bl > t. Thus, since A is a t-intersecting set, ^ is a t-intersecting family. 

Suppose the sets in A have t common elements {ci,ii), . . . ,{ct,it)- Then t of the 
entries of each member of A are Ci, . . . , q. So 1^41 < pn-s,k~t, where s = Ci + ■ ■ ■ + Ct. Now 
s > t. If s > t, then, by Lemma \3A\ \A\ < pn-t,k-t = \Pn,k{t)\- Suppose s = t. Then 
ci = ■ ■ ■ = Q = 1. So A C P„,fc(t). Since A ^ P„,fc(t), \A\ < |P„,fc(t)|. 

Now suppose the sets in A do not have t common elements. So A is a non-trivial 
t-intersecting family. By Lemma 13.31 there exists a set J such that \J\ < 3k — 2t — 1 
and |X n J| > t + 1 for any X E A. So A C J^^. j ^{X G Vn,k- T C X}. Let 



Kt+lJ 



T* e {^l^) such that \{X e Vn,k- T C X}\ < \{X e Vn,k- T* C X}\ for all T e (,:^J. 
Let B = {X e Vn,k ■■ T* C X}. We have 



1^1 < 



U {XeVny.TdX} 



Te 



t+i 






Tei 



t+ij 



< I '' ]\B\< P ^^ ^]\B\. 

,t + i/' ' - V t + 1 

Let B = {h E Pn,k'- /(b) = X for some X G B}. Since / is bijective, \B\ = \B\. Let 
(ci, ii), . . . , (ct+i, ^t+i) be the elements of T*. Then, by definition of 5, t + 1 of the entries 
of each member of B are Ci, . . . , et+i- So |i?| < Pn-q,k-{t+i), where q = ei + ■ ■ ■ + et+i- 
Thus, since q >t + 1, \B\ < Pn-{t+i),k-{t+i) by Lemma ISTTl 

Let n' = n - t and k' = k - t. Since n' > (^''7+i"^)A;3 - t > (^'';+^^)(fc')^ we have 

f3k-2t-U 



\ t+1 I \ t+1 

Vn',k> > {^^'illl~^)Pn',k'-i by Lemma [321 By Lemma [3J1 Pn'-i,k'-i < Pn',k'-i- Thus, since 



\A\ 



\A\ < {^''-ll-')\B\ and \B 



Pn',k'- Since \Pn,k{t)\ 



\B\ < Pn'-l,k' 

Pn',k', the result follows. 



^1, we have |y4| < ( 



3k-2t-l 

t+1 



)Pn'-l,A:'-l < 

D 



Proof of Theorem [2T71 Let A; > t + 2 and n > (^^^^* ^)k^. Let A be a properly 
t-intersecting subset of P„fc such that A ^ Pnk{[t])- We prove the result by showing that 

\A\ < \p^,kim. 

For each a = (ai, . . . , a^) G Pn,fc, let -Ra = {oj : i G [A;]}. Let ^ = {/?»: a G A}. So 
|X| < A; for each X E A. Since A is a t-intersecting set, ^ is a t-intersecting family. 

Suppose the sets in A have a common t-element subset T (i.e. T C f^-^^^X). Then 



Z-/ai 



GT ' 



Now s > Ei 



i€[t] 



A C Pn^kiT). So I A I < |Pn,fc(T)| = Pn-s,k-t, whcrc S 
t(t + l)/2, and equality holds only if T = [t]. If s > t(t + l)/2, then, by Lemma l3.1[ 
1^1 < Pn-tit+i)/2,k-t = \Pn,ki[t])\- Suppose s = t{t + l)/2. Then T = [t]. So y4 C Pn,k( 
Since A y^ Pn,k{[t]), 1^1 < \PnA 



Now suppose the sets in A do not have a common t-element subset. So ^ is a non- 
trivial t-intersecting family. By Lemma [373t there exists a set J such that \J\ < 3k — 2t — l 
and |X n J| > t + 1 for any X E A. So A C J^^z j ^ Pn,k{T). Let T* G (^:JJ such that 



\Pn,k{T)\ < \Pn,k{T*)\ for all T G Q. Let g = E^^^. a and r = ^^ 



e[t+i] 



{t 



l)(t + 2)/2. Then |Pn,A:(T*)| = p„-g,fc-t-i, g > r, and hence, by Lemma EH \Pn,k{T*)\ < 
Pn-r,k-t-i- Therefore, we have 



Ul < 



< 



U PnAT) 



re 



1^1 
t + 1 



< J2 \PnAT)\< Yl \P-''^('^* 



Te( 



t+1) 



Pn-r,k-t-l < 



3A; - 2t - 1 

t + 1 



Pn—r,k—t—l- 



Let n' 



f3k-2t-l 



n-t{t + l)/2andk' = k- 1. Since n' > ( ^^^ 
we have p^ ^ /'3fc-2t-i 

(3k-2t-l\ 
[ t+1 J 

|-Pn,fe([t])| = Pn',k'i the result follows. 



' fc' > (^ ' tl\ ^)Pn',k'-i by Lemma O By Lemma [XH Pn-r,k~t~i 



)k^-t{t + l)/2>i;^'-l\-'){k'f, 

< Pn',k'-1- 



Thus, since |A| < (^ ^^* ^)Pn-r,k-t-i, we have |A| < {^ \l{ ^)pn',k'-i < Pn',k'- Since 

n 
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